Hubble parameter and related formulas for a Weyl scaling invariant dark
  energy action by Adler, Stephen L.
ar
X
iv
:2
00
8.
07
59
8v
1 
 [a
str
o-
ph
.C
O]
  1
7 A
ug
 20
20
Hubble parameter and related formulas for a Weyl scaling invariant dark
energy action
Stephen L. Adler∗
Institute for Advanced Study, Einstein Drive, Princeton, NJ 08540, USA.
We derive a compact formula for the squared Hubble parameter versus redshift corre-
sponding to a Weyl scaling invariant dark energy action. It involves effective dark energy
and matter densities that both differ from their expressions in standard ΛCDM cosmologies.
The modified densities are given by explicit formulas expressed in terms of the one initial
state parameter Φ(0) of the model. Numerical values corresponding to choosing Φ(0) to
resolve the Hubble tension are summarized in tabular form.
In a recent paper [1] (hereafter I) we have explored the cosmological consequences of assuming
that the so-called “dark energy” is not a vacuum energy with action
Scosm = −
Λ
8πG
∫
d4x((4)g)1/2 , (1)
but instead arises from a Weyl scaling invariant, but frame dependent, gravitational action
Seff = −
Λ
8πG
∫
d4x((4)g)1/2(g00)
−2 . (2)
For a Friedmann-Robertson-Walker (FRW) spacetime where g00 = 1, the action of Eq. (2) mimics
that of Eq. (1), but when perturbations around the FRW cosmology are considered, they differ.
For example, the equation for the metric perturbation Φ in the spatially homogeneous limit, which
for the action of Eq. (1) reads1
Φ¨ + 4
a˙
a
Φ˙ +
(
2
a¨
a
+
a˙2
a2
)
Φ = 0 (3)
becomes instead for the action of Eq. (2)
Φ¨ + 4
a˙
a
Φ˙ +
(
2
a¨
a
+
a˙2
a2
)
Φ = 2ΛΦ . (4)
Consequences of this change were studied in detail in I . Our aim in this note is to review and in
two cases correct the principal results of I, and based on them, to give a compact formula for the
squared Hubble parameter versus redshift. This formula will be useful for further phenomenological
∗Electronic address: adler@ias.edu
1 References [2] and [3] give the standard Φ evolution equation in terms of conformal time derivatives; their formulas
yield Eq. (3) when converted to time derivatives.
2studies of the modfied dark energy model. For clarity, all results given here are expressed directly
in terms of the proper time.
Denoting2 the proper time by τ , the line element for our model takes the form
ds2 = dτ2 − ψ2[τ ]d~x 2 , (5)
with ψ[τ ] given by the following formulas from I,
ψ[τ ] =a[τ ]
(
1− Φ(0)Cx
2
τ
x20
)
,
a[τ ] =
(
Ωm
ΩΛ
)1/3 (
sinh(xˆ[τ ])
)2/3
,
xˆ[τ ] =xτ
[
1− 1
3
Φ(0)C
x2τ
x20
]
,
xτ =
3
2
√
ΩΛH
Pl
0 τ ,
x0 =arcsinh
(
(ΩΛ/Ωm)
1/2
)
≃ 1.169 .
(6)
In terms of a[τ ], the redshift zeff in our model, for light emittted at proper time τ and observed at
the present proper time τ0, is given by
1 + zeff =
ψ[τ0]
ψ[τ ]
=
1
ψ[τ ]
=
1
a[τ ](1− Φ(0)Cx2τ/x20)
, (7)
which corrects Eq. (63) of I.3 Here ΩΛ and Ωm are the dark energy and matter fractions (which
sum to unity in the matter dominated era), HPl0 ≃ 67.27kms−1Mpc−1 is the Hubble constant as
determined by Planck [4], C ≃ 0.244 is a constant determined in I by the integration of Eq. (4),
and Φ(0), which is treated as a small quantity to first order, is the sole parameter of the model.
When Φ(0) = 0, and also when x2τ/x
2
0 → 0, the above equations reduce to standard equations of
the FRW cosmology.
2 We follow as closely as possible the notational conventions of I, where t was used for an auxiliary coordinate time
employed in carrying out the calculations, and τ was used for the physical proper time.
3 In I, an incorrect normalization condition a(t0) = a[τ0] = 1 was used; the correct condition is ψ[τ0] = 1.
3Corresponding to the line element of Eq. (5), the Hubble parameter Heff [τ ] is given by
Heff [τ ] =
dψ[τ ]/dτ
ψ[τ ]
=
dψ[τ ]/dxτ
ψ[τ ]
dxτ/dτ
=
[
da[τ ]/dxˆ[τ ]
a[τ ]
dxˆ[τ ]/dxτ − 2Φ(0)C
xτ
x20
]
3
2
√
ΩΛH
pl
0
=HPl0
√
ΩΛcoth(xˆ[τ ])
[
1− Φ(0)Cx
2
τ
x20
(
1 +
3
xτcoth(xτ )
)]
.
(8)
Dividing by HPl0 , squaring, and using coth
2(xˆ[τ ]) = 1+1/ sinh2(xˆ[τ ]), and then using Eqs. (6) and
(7) to eliminate sinh2(xˆ[τ ]) in terms of the cube of (1 + zeff)(1 − Φ(0)Cx2τ/x20), we get the result
(
Heff [τ ]
HPl0
)2
=Ω˜m(1 + zeff)
3 + Ω˜Λ ,
Ω˜m =ΩmXY ,
Ω˜Λ =ΩΛX ,
(9)
with Ω˜m and Ω˜Λ redshift-dependent effective matter and dark energy densities, and with X and
Y given by
X =
[
1− Φ(0)Cx
2
τ
x20
(
1 +
3
xτcoth(xτ )
)]2
,
Y =
[
1− Φ(0)Cx
2
τ
x20
]3
.
(10)
To calclate xτ in X and Y from zeff it suffices to use the zeroth order formulas
xτ =arcsinh(s) = log(s+ (s
2 + 1)1/2) ,
s =
(
ΩΛ
Ωm
)1/2 1
(1 + zeff)3/2
.
(11)
Returning to Eq. (8), to calculate the present ratio Heff(present)/H
Pl
0 = Heff [τ0]/H
Pl
0 , we first
need to calculate the present proper time τ0, which is determined by the condition ψ[τ0] = 1.
Equivalently, we have to calculate xτ0 = (3/2)
√
ΩΛH
Pl
0 τ0, and to do this we proceed as follows.
4We begin by writing xˆ[τ0] = x0 +∆xˆ, with the first order perturbation ∆xˆ fixed by
(1 + Φ(0)C)ψ[τ0] =1 + Φ(0)C = a[τ0]
=
(
Ωm
ΩΛ
)1/3
(sinh(xˆ[τ0]))
2/3
=
(
Ωm
ΩΛ
)1/3
(sinh(x0 +∆xˆ))
2/3
=1 + (2/3) coth(x0)∆xˆ ,
(12)
which using coth(x0) = 1/
√
ΩΛ gives
∆xˆ = (3/2)
√
ΩΛΦ(0)C . (13)
We then invert the relation between xτ and xˆ[τ ] to give
xτ0 =xˆ[τ0](1 + Φ(0)C/3)
=(x0 +∆xˆ)(1 + Φ(0)C/3)
=x0 + (3/2)Φ(0)C
√
ΩΛ
(
1 +
2x0
9
√
ΩΛ
)
.
(14)
Multiplying through by 2/(3
√
ΩΛH
Pl
0 ), this is equivalent to
τ0 = τ
Pl
0 +
(
Φ(0)C
HPl0
)(
1 +
2x0
9
√
ΩΛ
)
(15)
with τPl0 = 2x0/(3
√
ΩΛH
Pl
0 ) = 13.83Gyr, in agreement with Eq. (78) of I.
Returning now to the calculation of Heff(present)/H
Pl
0 , from Eq. (8) we get
Heff(present)/H
Pl
0 =
√
ΩΛcoth(x0 +∆xˆ)
[
1− Φ(0)C
(
1 +
3
x0coth(x0)
)]
. (16)
From the expansion
coth(x0 +∆xˆ) =
1√
ΩΛ
[1 + (3/2)(ΩΛ − 1)Φ(0)C] =
1√
ΩΛ
[1− (3/2)ΩmΦ(0)C] , (17)
we get
Heff(present)
HPl0
= 1− Φ(0)C
(
3
2
Ωm + 1 +
3
√
ΩΛ
x0
)
. (18)
5This equation corrects Eqs. (70) and (71) of I.4 Putting in numerical values Ωm = 0.321, ΩΛ =
0.679, and x0, we get
Heff(present)
HPl0
≃ 1− 0.878Φ(0) , (19)
and so to fit a Hubble tension of Heff (present)
HPl
0
≃ 1.1 we need to choose Φ(0) ≃ −0.114.
For this value of Φ(0), in Table I we tabulate values of X, Y , and XY versus redshift. We see
that the correction factors XY to Ωm and X to ΩΛ are substantial at small redshifts, amounting
to 1.28 and 1.18 respectively at zeff = 0. Thus it will be important to include these in analyses
assessing the viability of our model.5
I wish to thank Eva-Maria Mueller for helpful email correspondence about the eBOSS data.
TABLE I: Values of X , Y , and XY versus redshift zeff .
zeff X Y XY
0.0 1.181 1.086 1.282
0.1 1.152 1.069 1.231
0.2 1.127 1.057 1.191
0.3 1.108 1.047 1.159
0.4 1.091 1.039 1.134
0.5 1.078 1.033 1.113
0.6 1.067 1.028 1.096
0.7 1.058 1.023 1.082
0.8 1.050 1.020 1.071
0.9 1.043 1.017 1.061
1.0 1.038 1.015 1.053
1.2 1.029 1.011 1.041
1.4 1.023 1.009 1.032
1.6 1.018 1.007 1.026
1.8 1.015 1.006 1.021
2.0 1.012 1.005 1.017
3.0 1.005 1.002 1.007
4.0 1.003 1.001 1.004
5.0 1.002 1.0006 1.002
4 In I, the term proportional to Ωm was omitted as a result of expanding coth(x0+∆xˆ) to only zeroth order in Φ(0).
5 An interesting feature of the latest eBOSS data release [5] is that in the plots of Fig. 5 of [5], the contour in the
H0–Ωm plane for z < 1 data is substantially offset towards larger values of Ωm and H0 from the contour for z > 1
data. This raises the question of whether new physics involving a change in the effective Ωm at small redshifts,
such as predicted in our model, could be playing a role.
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